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Exact Solutions of Cross-Ply Laminates
with Bonding Imperfections

W. Q. Chen,¤ J. B. Cai,† and G. R. Ye†

Zhejiang University, 310027 Hangzhou, People’s Republic of China

State-space approach is developed to analyze the bending and free vibration of a simply supported, cross-ply
laminated rectangular plate featuring interlaminar bonding imperfections, for which a general linear spring layer
model is adopted. The analysis is directly based on the three-dimensional theory of orthotropic elasticity and is
completely exact. Numerical comparison is made, showing thatalthoughthe plate theory developed in the literature
behaves well for moderately thick perfect laminates it can become inaccurate when bonding imperfections are
present. The special problem of the laminate in cylindrical bending is also considered, and the validity of the
assumption of cylindrical bending is investigated through numerical examples.

Nomenclature
A = dimensionless coef� cient matrix
a; b; h = length, width and height of plate
ci j = elastic constants
E; G; ¹ = Young’s modulus, shear modulus,

and Poisson’s ratio
hk = thickness of the kth layer
Ki = stiffness constants of interface
Mk ; Pk = transfer matrices of layer and interface
m; n = positive integers
N = number of layers in the laminate
T; Ti j = global transfer matrix and the elements
u; v; w = displacement components in Cartesian coordinates
V = dimensionless state vector
zk = z coordinate of the kth interface
»; ´; ³ = dimensionless coordinates
½ = mass density ratio
¾i ; ¿i j = normal and shear-stress components
Ä, !0 , !¤ = dimensionless frequency parameters
! = circular frequency

Subscripts

L ; T = directions parallel and perpendicular to the � bers
k = kth layer or interface

Superscript

(k) = kth layer

Introduction

I N the traditional theory of structural analysis of composites,
any two adjacent layers in a laminate are usually assumed to

be bonded perfectly.1 However, various � aws, such as microcracks,
inhomogeneities, and cavities, can be introduced into the bond in
the process of fabrication. During the service lifetime, the struc-
ture will be subjected to various (dynamic, cyclic, or long term)
loads and exposed to corrosive environment. Consequently, these
tiny � aws can get signi� cant and � nally lead to the local failure of
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bond or even the whole collapse of structure. Thus it is very im-
portant to study the effect of bond imperfections on behavior of
laminated structures. The thermoelastic � elds in orthotropic lay-
ered slabs or cylinders with imperfect interfaces were studied by
BlandfordandTauchert2 bya � niteelement technique.Somers et al.3

developed an analytical beam model of sandwich beams contain-
ing lengthwiseand depthwise through-the-widthdelaminations;the
effect of delaminations on the buckling and postbuckling of the
beam was investigated. Cheng et al.4¡6 � rst introduced the spring-
layer model7;8 to describe the weakness of interlaminar bonding
into structural analyses of laminated plates and shells. Di Sciuva9

derived the controlling equations for laminated plates with inter-
laminar slips involvinggeometric nonlinearity. Icardi10 presented a
free-vibrationanalysisof compositebeams with imperfect bonding.
Icardi et al.11 further considered the effect of interlaminar bonding
imperfection on the behavior of adaptive beam structures.More re-
cently, Librescu and Schmidt12 developeda general linear theory of
laminatedcompositeanisotropicshells featuringinterlaminarbond-
ing imperfections;a researchsurveyon the subjectcan also be found
there.

There are a lot of three-dimensional exact solutions available
in literature for perfectly bonded laminated plates and shells.13¡17

These solutions have played an important role in clarifying simpli-
� ed two-dimensionalplate and shell theoriesor numericalmethods.
However, no similar work on laminates with imperfect bonding can
be found yet. It is the aim of this study to present such an exact anal-
ysis of simply supported cross-ply laminates featuring interlaminar
bonding imperfections.

The generalizationof availableexact solutions for laminates with
imperfect bonding will not involve extra mathematical dif� culty,
provided that the spring-layer model is employed. For example, in
the famous Pagano’s solution for cylindrical bending13 the expres-
sions for two nonzero displacementsare still valid in each layer. By
replacing the continuity conditionsof displacementswith the inter-
facial Hooke’s relations between the displacementsand stresses for
the spring-layermodel, a set of linear algebraic equations about the
undetermined integral constants can be similarly obtained. In this
paper,however,we will not follow such an analysisbecauseit seems
computationallyexpensive when the laminate is made up of a large
number of plies. For instance, there will be totally 4N undermined
constants in Pagano’s solution13 for a N -layered cross-ply laminate
in cylindrical bending.

Instead, we will employ here the state-spaceapproach to analyze
the bending and free vibration of cross-ply laminates with imper-
fect bonding. In this method the � nal solving equations remain the
same scale no matter how many layers are involved in the lami-
nate. The state-space approach has been developed and employed
widely to analyze traditionalperfectlaminatesand proved to be very
powerful.18¡23 This seems, however, to be the � rst time to exploit its
application in structural analysis of imperfectly bonded laminates.
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Compared to the analysis of perfect laminates, only a special but
direct treatment of the conditions at interfaces (spring-layermodel)
is necessary. This results in a so-called interfacial transfer matrix,
which will degenerate to the unit matrix for a perfect laminate. Nu-
merical results for bending and free vibration of various laminates
with uniform or nonuniform interlaminar imperfection in shear are
presented.The state equation for the problem of laminates in cylin-
drical bending is also presented.A detailed numerical investigation
is made to clarify the validity of the assumptionof cylindricalbend-
ing for a rectangular laminate.

State-Space Formulations
We considera N -layeredcross-plyrectangularlaminateas shown

in Fig. 1. The constitutive relations read as1
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Fan and Ye19 derived the following state equation from Eq. (1)
and the equations of motion:
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where ¾z , u, v, w, ¿x z, and ¿yz are termed as state variables, from
which the three induced variables can be determined as
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where

¯1 D c11 ¡ c2
13

¯
c33; ¯2 D c12 C c66 ¡ c13c23=c33

¯3 D c22 ¡ c2
23

¯
c33; ¯4 D ¯2 ¡ c66 (4)

An exactsolutioncan beobtainedfor the simplysupportedbound-
ary conditions by assuming19
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where » D x=a, ´ D y=b, and ³ D z=h, and m and n are the half-
wave numbers in x and y directions, respectively. The substitution
of Eq. (5) into Eq. (2) yields

d

d³
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where V.³ / D [ N¾z.³ /; Nu.³ /; Nv.³ /; Nw.³ /; N¿x z.³ /; N¿yz.³/]T and
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Fig. 1 Geometry and coordinates of rectangular laminate.

with t1 D m¼h=a, t2 D n¼h=b, and Ä D !h
p

.½ .1/=c.1/

44 /. The solu-
tion to Eq. (6) can be obtained as

V.³ / D eA.³ ¡ ³k ¡ 1/V.³k ¡ 1/

.³k ¡ 1 · ³ · ³k ; k D 1; 2; : : : ; N / (8)

where ³0 D 0 and ³k D zk =h. Setting ³ D ³k in Eq. (8) yields
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.k/

0 (9)

where V.k/

1 and V.k/

0 are the state vectors at the upper and lower
surfaces and Mk D eA.³k ¡ ³k ¡ 1 /. Similarly, we get

V.k C 1/

1 D Mk C 1V
.k C 1/

0 (10)

Imperfect Bonding Conditions
A general spring-layermodel is adopted here to describe the im-

perfect bonding4¡6;12:
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It is clear that when the bonding stiffness constants K .k/

i ! 1 the
displacements will be continuous across the interface, implying a
perfect bonding, whereas K .k/

i D 0 indicates that the kth layer and
.k C 1/th layer are completely separated from each other.

Noticing Eq. (5), Eq. (11) can be expressed as follows:

V.k C 1/

0 D PkV
.k/

1 (12)

where

Pk D

2

66666664

1 0 0 0 0 0

0 1 0 0 R.k/
x 0

0 0 1 0 0 R.k/
y

¡R.k/
z 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

3

77777775

(13)

with R.k/

i D c.1/

44 =[K .k/

i h] .i D x; y; z/ being dimensionless compli-
ance coef� cients of the interfaces, which vanish for a perfect
interface.

From Eqs. (9), (10), and (12) a relation between state vectors at
the upper surface of the .k C 1/th layer and the lower surface of the
kth layer is established
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Continuing the precedingprocedure, the relationbetween state vec-
tors at the top and bottomsurfacesof the laminate is � nally obtained
as
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In the case of a perfectlybondedlaminate,allP j becomeunit matrix,
yielding
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which is exactly the same as that derived by Fan and Ye.19

Bending and Free-Vibration Analysis
Because Eq. (15) has the same structure as that for a perfect

laminate,19 details of bending and free-vibration analysis are omit-
ted here for brevity. We only give the � nal solving equation in the
following. When the laminate is traction-free at the top and bottom
surfaces, we can get the frequency equation from Eq. (15) as

­­­­­­
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After the frequency ! is solved from Eq. (16), the vibrational
modes of displacementsat the bottom surface can be obtained from
Eq. (15). The state vector for any value of ³ can then be determined
by
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The three induced variables are calculated from the state variables
by Eq. (3).

For bending problem (! D 0/, if generally distributed normal
pressures p.x; y/ and q.x; y/ are applied on the bottom and top
surfaces, respectively, we can expand the loads in terms of double
sine functions as follows:
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The state vector for an arbitraryvalue of ³ and the inducedvariables
are still determined from Eqs. (17) and (3), respectively.

For a cross-ply laminate with b ! 1, the so-called cylindrical
bending problem arises.13 In this case we have only two nonzero
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displacements u and w, in x and z directions, respectively, and
both are independent of the coordinate y. The corresponding state
equations can be obtained as
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The proceedinganalysis is then similar and omitted here for brevity.

Numerical Examples
For all cases to be considered, the stacking sequence of laminate

is always from the top (³ D 1/ to bottom (³ D 0/, and the notation
systemin Whitney1 is adopted.Each layer involvedin the N -layered
laminate is consideredto have the same thickness(h=N / and density.
As regards the imperfectionsof interfacialbonding,we always take
R.k/

z D 0 to avoid the possibilityof materialpenetrationphenomenon
that is physically impossible.4¡6 In this case any two adjacent layers
contact with each other to ensure the continuity of transverse dis-
placementw, but allow a shear sliding in the plate plane.We also as-
sume the two complianceconstantsin the plate surfaceare the same,
and a dimensionlessparameter ET =[K .k/

x h] D ET =[K .k/
y h] D R.k/ is

adopted hereafter.
In the following, if bending problem is considered, we always

assume that a normal sinusoidal pressure q D q0 sin.¼»/ sin.¼´/ is
appliedat the top surfaceof the laminate. In addition,if it is not clear
with which layer a physicalquantity at an interface is associatedthe
quantityis usuallyfollowedby a superscriptindicatingthe sequence
numberof the layer, just as that done earlier in this paper;otherwise,
the superscript will be omitted for brevity.

Table 1 Simply supported square laminate ([0/90/90/0 deg]) with uniform interfacial imperfection under sinusoidal loada;b

a=h R w0 ¾1 ¾
.3/

2 ¿12 ¿13 ¿23

4 0 ¡1.93672 ¡0.72026 ¡0.66255 ¡0.04581 ¡0.21933 ¡0.29152
[¡1.954] [¡0.720] [¡0.663] [¡0.0458] [¡0.219] [¡0.292]
(¡1.90601) (¡0.73681) (¡0.70013) (¡0.04343) (¡0.21093) (¡0.31484)

0.2 ¡2.21171 ¡0.78585 ¡0.70719 ¡0.04988 ¡0.21051 ¡0.26391
(¡2.48111) (¡0.88504) (¡0.77606) (¡0.04940) (¡0.19365) (¡0.28178)

0.4 ¡2.45815 ¡0.84389 ¡0.75108 ¡0.05340 ¡0.20179 ¡0.24274
(¡3.08282) (¡1.04440) (¡0.86434) (¡0.05590) (¡0.17620) (¡0.23683)

0.6 ¡2.68113 ¡0.89607 ¡0.79326 ¡0.05648 ¡0.19348 ¡0.22568
(¡3.66623) (¡1.20036) (¡0.96086) (¡0.06253) (¡0.15819) (¡0.18941)

10 0 ¡0.73698 ¡0.55861 ¡0.40096 ¡0.02764 ¡0.30137 ¡0.19595
[¡0.743] [¡0.559] [¡0.401] [¡0.0276] [¡0.301] [¡0.196]
(¡0.73590) (¡0.56107) (¡0.40806) (¡0.02735) (¡0.30017) (¡0.19954)

0.2 ¡0.79688 ¡0.56983 ¡0.42079 ¡0.02885 ¡0.29592 ¡0.19876
(¡0.86150) (¡0.58204) (¡0.44976) (¡0.02943) (¡0.28870) (¡0.21079)

0.4 ¡0.85492 ¡0.58106 ¡0.43948 ¡0.03001 ¡0.29104 ¡0.19582
(¡1.00458) (¡0.60938) (¡0.49188) (¡0.03163) (¡0.27757) (¡0.21804)

0.6 ¡0.91203 ¡0.59224 ¡0.45716 ¡0.03112 ¡0.28606 ¡0.20251
(¡1.16323) (¡0.64260) (¡0.53417) (¡0.03394) (¡0.26688) (¡0.22125)

100 0 ¡0.43460 ¡0.53885 ¡0.27101 ¡0.02136 ¡0.33880 ¡0.13894
[¡0.4385] [¡0.539] [¡0.271] [¡0.0214] [¡0.339] [¡0.139]
(¡0.43460) (¡0.53887) (¡0.27106) (¡0.02135) (¡0.33879) (¡0.13897)

0.2 ¡0.43530 ¡0.53894 ¡0.27134 ¡0.02137 ¡0.33871 ¡0.13905
(¡0.43611) (¡0.53903) (¡0.27178) (¡0.02139) (¡0.33859) (¡0.13924)

0.4 ¡0.43601 ¡0.53904 ¡0.27166 ¡0.02139 ¡0.33861 ¡0.13915
(¡0.43789) (¡0.53923) (¡0.27261) (¡0.02142) (¡0.33836) (¡0.13955)

0.6 ¡0.43671 ¡0.53913 ¡0.27199 ¡0.02140 ¡0.33852 ¡0.13926
(¡0.43995) (¡0.53948) (¡0.27356) (¡0.02146) (¡0.33810) (¡0.13988)

aData in square brackets are calculated by three-dimensional solution,14 and those in parentheses are obtained by plate theory.4 All of these data are
directly cited from Table 2 of Ref. 4.
bw0 D 100ET h3w.a=2; b=2; h=2/=.q0a4/, ¾1 D h2¾x .a=2; b=2; h/=.q0a2/, ¾2 D h2¾y.a=2; b=2; 3h=4/=.q0a2/, ¿12 D h2¿x y.0; 0; 0/=.q0a2/, ¿13 D h¿x z

.0; b=2; h=2/=.q0a/, ¿23 D h¿yz.a=2; 0; h=2/=.q0a/:

It seems unnecessary to validate the present method because the
derivationhere is a straightforwardgeneralizationof that presented
in Ref. 19. However, numericalcomparisonwith existent results can
demonstrate the correctness of program and can help one to get a
deepinsightinto theavailableresults.Table1 comparesthe resultsof
our methodwith thoseof the plate theory (data in parentheses)4 for a
four-layeredsquarelaminatewith layerupsequence[0/90/90/0 deg].
In Table 1 results predicted by the exact three-dimensionalsolution
of Pagano and Hat� eld14 for the perfect laminate are also given in
square brackets,which are cited directly from Ref. 4. The following
typical material properties are employed:

EL =ET D 25; G LT =ET D 0:5

GT T =ET D 0:2; ¹LT D ¹T T D 0:25 (21)

A uniform imperfect bond is assumed in this example, that is,
R.k/ D R. It is shown that, as expected, the present exact solution is
almost identical to the Pagano and Hat� eld’s exact solution, except
the central de� ection of the laminate with a relative error only about
1% for all three values of a=h. The differenceof w might be caused
by different computational precision.As we know, the plate theory
predicationshould approach the exact three-dimensionalone in the
case of a very thin perfect plate. This is demonstrated in Table 1 for
a=h D 100 by comparing our results with that of the plate theory.
The two are almost identical when R D 0. From this point of view,
our results of de� ection should be more exact. Table 1 also shows
that although the plate theory4 can give a satisfactory prediction
for thick perfect laminate the presence of interfacial � aw can make
its accuracy worse, especially for large R. In particular, the de� ec-
tion obtained by the plate theory is generally larger than that by the
present three-dimensional solution for imperfect laminates. Thus,
if engineer wants to control the de� ection of an imperfect laminate
structure based on the results of plate theory a conservative design
can be obtained. On the other hand, if he wants to determine the
degree of interfacial damage of a practical structure in service by
comparing the experimental results of de� ection with the plate the-
ory’s prediction he might underestimate the deteriorate. It is also
worth pointing out that because the plate theory underestimates the
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a) u(0; b/2; z)ET /(q0h)

b) v(a/2; 0; z)ET /(q0h)

c) w(a/2; b/2; z)ET /(q0h)

d) ¡¡¾z(a/2; b/2; z)/q0

e) ¿xz(0; b/2; z)/q0

f) ¿yz(a/2; 0; z)/q0

Fig. 2 Distributions of normalized state variables along the thickness direction.

transverse shear stresses for several cases, as shown in Table 1, the
use of such an approximate theory to predict the interfacialstrength
should be very careful in engineering.To sum up, it is very impor-
tant to developaccurateanalysismethod for laminates with bonding
imperfections.

The distributions along the thickness direction of stresses and
displacements are given in Fig. 2 for the preceding square
laminate of a=h D b=h D 4, but with nonuniform imperfections
[R.1/ D 4R.2/ D 2R.3/ D R]. As expected, the tangential displace-
ments u and v are discontinuousacross the three interfacesfor R 6D 0
because of the imperfections. As we know, weak interfaces can be
knowingly introducedinto a laminate to increase its interfacial frac-
ture toughness.24 This is partly demonstrated in Figs. 2e and 2f. By
selecting a proper distribution of bonding imperfection, it can be
expected that the transverse stress ¿yz at the second interface can
be reduced more signi� cantly. Moreover, because the de� ection in-
creases with R, that is, the rigidity of the laminate decreases, one
should seek an optimum value of R for improving the interfacial
fracture toughness as well as keeping the structural rigidity to sat-
isfy the practical requirement. The optimization of bonding imper-
fections is a very challenging topic requiring further investigations,
which is out of the scope of this paper.

As mentioned in the last section, when the laminate has one side
much longer than the other one can solve the problem under the
assumption of cylindrical bending, for which the state equation
is shown in Eq. (20). Table 2 lists the normalized displacement
¡100ET h3w=.q0a4/ at the point .a=2; b=2; h=2/ of a rectangular
laminate for several cases. We still employ the material constants
given in Eq. (21) and assume a uniform imperfection. The results

for b=h ! 1 are calculated directly based on the formulations for
cylindrical bending problem.

It can be seen that, for the perfect laminate, our results for cylin-
drical bending are identical to those of Pagano’s exact solution,13

which are directly cited from Table 1 in Ref. 25. Table 2 shows that
when b=a of the rectangularlaminate increases the results converge
rapidly to that of the cylindrical bending problem. The cylindrical
bending solution appears to be the upper limit of that of the rect-
angular laminate. That is true because it can be regarded that the
constraints at y D 0; b are released when the laminate is in the state
of cylindricalbending, leading to a relatively large de� ection. It can
be found that the relative errors between the rectangular laminate
with b=a D 5 and the laminate in cylindrical bending are less than
1.5% for all parameters. This indicates that when b=a > 5 one can
use the equations for cylindrical bending, which are much simpler
than the original equations, to give an initial analysis for the pur-
pose of engineeringdesign.Of course, the relative error varies with
various parameters. It is smaller for the three-ply laminate than for
the seven-ply one, and it will become a little large if the laminate
is thick. Also, it increases with the interfacial compliance coef� -
cient R. Thus, a further exact analysis is also needed to assure the
correctness of the initial one.

Considering the free-vibration problem, we take the following
material constants16 for comparison purpose:

EL D 25:1; ET D 4:8; Ez D 0:75

G L T D 1:36; G Lz D 1:2; GT z D 0:47

¹L T D 0:036; ¹Lz D 0:25; ¹T z D 0:171 (22)
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The � rst 10 lowest frequency parameters !0 D !h
p

.½=ET /
are given in Table 3 for a simply supported square laminate
of a=h D b=h D 10 and with stacking sequence [0/90/0/90 deg].
Nonuniform imperfections are assumed, that is, R.1/ D 4R.2/ D
2R.3/ D R. For a perfect laminate results are found to be identi-
cal to those predicted by the exact three-dimensional solution,15

which are directly cited from Table 6 in Ref. 26. It is shown that
with the increase of R the frequency of the laminate decreases be-
cause of the reduction of stiffness. We also list in Table 3 the rela-
tive error between the perfect laminate and the imperfect one with

Table 2 Normalized center de� ection ¡100ET h3w(a/2; b/2; h/2)/
(q0a4) of a simply supported rectangular laminate

with uniform interfacial imperfectiona

Stacking
sequence a=h b=h R D 0 R D 0:2 R D 0:4 R D 0:6

[0/90/0 deg] 4 4 2.00591 2.17442 2.32199 2.45278
20 2.86585 3.17051 3.44407 3.69109
50 2.88400 3.19182 3.46840 3.71828

100 2.88643 3.19466 3.47164 3.72189
200 2.88703 3.19536 3.47244 3.72279
1 2.88723 3.19560 3.47271 3.72309

(2.8872)
10 10 0.753030 0.803016 0.850977 0.897048

50 0.927368 0.997540 1.06604 1.13293
100 0.930608 1.00111 1.06994 1.13716
200 0.931386 1.00196 1.07087 1.13817
300 0.931529 1.00212 1.07104 1.13836
1 0.931643 1.00224 1.07118 1.13851

(0.93164)
[(0/90)30 deg] 4 4 1.81048 2.32660 2.81370 3.27469

20 3.07962 3.99021 4.85704 5.68390
50 3.10684 4.03008 4.91033 5.75096

100 3.10999 4.03468 4.91648 5.75876
200 3.11074 4.03578 4.91796 5.76062
1 3.11099 4.03614 4.91844 5.76124

(3.1110)
10 10 0.664809 0.757462 0.848775 0.938873

50 1.07263 1.23163 1.38908 1.54504
100 1.07820 1.23828 1.39688 1.55405
200 1.07941 1.23971 1.39854 1.55595
300 1.07946 1.23996 1.39883 1.55629
1 1.07980 1.24016 1.39907 1.55655

(1.0798)

aData in parentheses calculated byPagano’s three-dimensional solution13; see Table 1
in Ref. 25.

Table 3 Lowest 10 frequency parameters !0 = !h
p

(½/ET ) of a simply supported square laminate with
nonuniform interfacial imperfections (a/h = 10, [0/90/0/90 deg])a

.m; n/ Order R D 0 R D 0:2 R D 0:5 R D 1:0 R.E., %b

(1, 1) 1 0.0662101 (0.06621) 0.0658372 0.0652922 0.0644200 3.21
2 0.545959 (0.54596) 0.545245 0.544179 0.542416 0.52
3 0.599955 (0.59996) 0.599245 0.598173 0.596366 0.48
4 1.24253 (1.2425) 1.24197 1.22890 1.17240 6.90
5 1.29879 (1.2988) 1.27106 1.24481 1.20616 8.58
6 1.32652 (1.3265) 1.29886 1.26095 1.24305 6.30
7 2.36308 (2.3631) 2.27899 2.16275 2.00359 12.33
8 2.37888 (2.3789) 2.30232 2.19865 2.04601 12.14
9 2.49112 (2.4911) 2.49009 2.48909 2.48761 0.13

10 3.66609 (3.6661) 3.53296 3.34164 3.09375 16.99
(2, 1) 1 0.151936 (0.15194) 0.150435 0.148281 0.144925 10.61

2 0.638751 (0.63875) 0.638102 0.637136 0.635552 0.42
3 1.07614 (1.0761) 1.06982 1.06017 1.04373 2.11
4 1.24166 (1.2417) 1.24094 1.23959 1.22634 3.00
5 1.34248 (1.3425) 1.31670 1.28178 1.24255 7.53
6 1.63234 (1.6323) 1.60362 1.56411 1.50741 7.45
7 2.38695 (2.3869) 2.31566 2.21391 2.06271 12.04
8 2.48441 (2.4844) 2.46413 2.38392 2.26203 7.04
9 2.56139 (2.5614) 2.50774 2.49233 2.48752 2.91

10 3.67777 (3.6778) 3.54425 3.35376 3.10681 16.73

aData in parentheses correspond to exact three-dimensional solution15 ; see Table 6 in Ref. 26.
bR.E. D relative error D .!¤ jR D 0 ¡ !¤jR D 1:0/=!¤ jR D 0.

R D 1:0. From the results it is seen that the sensitivityof frequency
to the interfacial damage obviously depends on the frequency or-
der. For example when m D n D 1, the relative error for the � rst
lowest natural frequency is 2.70%, whereas it becomes 15.21% for
the seventh frequency. Knowing such a difference is useful in non-
destructive inspection of damaged structures employing dynamic
technologies. It is especially very important for the reliable and
precise evaluation of structural damage to stimulate proper vibra-
tional modes, of which the frequencies vary signi� cantly with the
interfacial � aws.

Table 4 Lowest natural frequency parameter !¤ = !h
p

(½/GLT) of a
simply supported rectangular laminate with uniform interfacial

imperfection (a/h = 10, m = n = 1)a

Stacking
sequence b=h R D 0 R D 0:2 R D 0:4 R D 0:6

[0/90 deg] 10 0.126184 0.125906 0.125633 0.125367
50 0.0824861 0.0823791 0.0822737 0.0821700

100 0.0818784 0.0817746 0.0816723 0.0815716
200 0.0817399 0.0816368 0.0815352 0.0814353
300 0.0817150 0.0816120 0.0815105 0.0814107
1 0.0816952 0.0815923 0.0814909 0.0813912

(0.0816952)
[0/90/0 deg] 10 0.162031 0.156948 0.152493 0.148552

50 0.146560 0.141338 0.136742 0.132660
100 0.146323 0.141104 0.136510 0.132429
200 0.146267 0.141048 0.136455 0.132374
300 0.146256 0.141038 0.136444 0.132364
1 0.146248 0.141030 0.136436 0.132356

(0.146248)
[0/90/0/90 deg] 10 0.160967 0.155299 0.150295 0.145838

50 0.110085 0.106327 0.102997 0.100022
100 0.109595 0.105838 0.102509 0.0995340
200 0.109493 0.105736 0.102407 0.0994331
300 0.109475 0.105718 0.102390 0.0994154
1 0.109461 0.105704 0.102376 0.0994014

(0.109461)
[(0/90)20 deg] 10 0.169802 0.161699 0.154786 0.148798

50 0.140279 0.132986 0.126793 0.121451
100 0.139978 0.132692 0.126503 0.121164
200 0.139912 0.132627 0.126439 0.121102
300 0.139900 0.132616 0.126428 0.121091
1 0.139891 0.132606 0.126419 0.121082

(0.139891)

aData in parentheses calculated by alternative three-dimensional solution; see Table
1 in Ref. 27.
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Similar to the bending problem, we investigate the free vibration
of the rectangularlaminate considered in Table 2 but with a=h D 10
only and for several different stacking sequence schemes. The low-
est natural frequency parameter !¤ D !h

p
.½=GLT/ (m D n D 1/ is

shown in Table 4 where the formulations for cylindrical bending
problemaredirectlyemployedto calculatethe resultsfor b=h ! 1,
which are also compared to other three-dimensionalsolutions.27 It
can be seen that the frequencies of the rectangular laminate con-
verge rapidly to that of the laminate in cylindrical bending when
b=a increases. In fact, the lowest natural frequencyof the rectangu-
lar laminateofb=a D 5 hasan error smaller than 1% when compared
to thatof the laminate in cylindricalbending.Thus, onecan also treat
the laminate as in a state of cylindrical bending when b=a > 5 for
an initial dynamic analysis. In contrast to the bending problem, the
frequency of the laminate in cylindrical bending is the lower limit,
also because of the reduction of stiffness.

Conclusions
In this paper the static and dynamic behaviorof simply supported

cross-ply laminates featuring interlaminar bonding imperfections
are investigated via the state-space approach. All formulations are
directly based on the three-dimensional equations of an elastic or-
thotropic medium, without introducing any assumptions on defor-
mations and stress � elds like most plate theories.When perfect lam-
inates are considered, the present formulations become exactly the
same as that reported in literature.In fact, the treatment of boundary
conditions at interfaces is rather straightforward.However, because
of the lack of exact three-dimensional solutions of laminates with
imperfect interfacial bonding the results presented in this paper are
very valuable to other investigatorsfor clarifyingvarious simpli� ed
methods. In particular, the comparison made in this paper shows
that although the plate theory developed in Cheng et al.4 can al-
ways predict the behavior of perfect laminates well it will become
inaccurate especially for thick laminates with interfacial bonding
imperfections.

Although the methods presented by previous researchers14;15 can
be generalized to exactly analyze the laminates featuring interlam-
inar imperfections, they will become computationally uneconomic
when thenumberof layersincreasesin the laminate.On thecontrary,
the state-space approach always leads to a linear algebraic eigen-
value problem with the same scale, just as illustrated in this paper.

Problem of cross-plylaminateswith imperfectinterfacesin cylin-
drical bendingis also consideredas a specialcase.Numerical results
show that a rectangularlaminatewith one side � ve times longer than
the other side can be treated as in a state of cylindrical bending for
the purpose of simpli� ed analysis.
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